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INTRODUCTION 


This  technical  note  presents  formulas  suitable  for  the  calculation 
of  the  projected  areas  of  arbitrary,  axially  symmetric  surface  sections 
for  a  flared-cone  figure.  The  formulas  apply  to  aspect  angles  ranging 
from  0  to  90®,  measured  from  the  symmetry  axis.  Derivations  are 
included.  These  are  partially  based  upon  work  contained  in  the 
Brown  Engineering  Company  Technical  Note  R-18  titled  "Projected 
Areas  of  Axially  Symmetric  Surface  Sections  for  Several  Geometric 
Figures",  (May,  1962). 
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PART  I  PRELIMINARY  DERIVATION 


Figure  {1)  illustrates  the  flared-cone  configuration  dealt  with  in 
this  report.  For  convenience,  the  locations  of  the  bands  whose 
projected  areas  are  to  be  found  will  be  specified  in  terms  of  the 
distance  from  the  front  cone  apex.  As  indicated  in  figure  (1),  the 
unprimed  h's  are  distances  measured  from  the  front  cone  apex.  The 
primed  h's  give  the  distances  from  the  rear  cone  apex  position. 

Subscripts  1  and  i.  refer  to  the  front  and  rear  band  borders,  respectively. 

The  relationship  between  measurements  in  the  h  and  h1  systems  is 
derived  with  the  aid  of  figure  (£): 


hi  =  hr 

+  1 

hl* 

N 

1 

■T 

M 

(1) 

Q  +  Z  - 

h01 

(2) 

tan  or  .  = 

_ 

Z 

°i 

=  1  -  Q 

(3) 

i 

2<Q  +  Z) 

i  tan  ot  j 

tan  or  y  = 

El 

Q 

=  ,  - 

(4) 

Cm 

2Q 

L  tan<v  ^ 

Substituting  the  value  of  Q  from  equation  (4)  into  equation  (3)  gives: 


Z  = 


Dl 


’1 


l  tan  ox 


1 


i  tancx 


C>) 


l 


Substituting  this  value  of  Z  into  equation  (1)  gives: 


i  Dj  /  \ 

hl'  =  hl  '  —  (cotot  j  -  cotO<2  j 


D 


z  =  h01  tanar 


Since 

equation  (6)  may  be  rewritten: 


ij'  =  hj  -  hp  j  tanc*  ^  (  cot  -  cot  ex  ^ 


or,  dropping  subscripts,  we  have  for  the  general  case: 


i*  =  h  -  hQj  tanOt^  ^cottXj  -  cotOc^ 


PART  II  FRONT  CONE  PROJECTED  AREAS 


Projected  areas  for  bands  lying  on  the  front  cone  may  be  calculated 
with  the  aid  of  the  equations  derived  in  the  May,  1962,  report  referred 
to  in  the  introduction. 


A  =  1*  tan^ot  j  cos  9  (h^  -  hj  ^) 


0  =  0  =  Ot 


hoi  -  hZ>  h 1 


A  =  (h^  -  hj^)  tan<x  j  I  tan OL  j  cos  0 


7f  -  sin 


-1 


1  _ 


^  sin^  9  -  tan^«  j  cos^  0^  ^ 


sin  0 


_1_ 

+  (sin^  0  -  tan^«  j  cos^  0) 


otj  <  0  =  90° 


hoi  ?  h2  >  h. 


(10) 

(ID 


d-1) 

(13) 
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PART  III  REAR  CONE  PROJECTED  AREAS 


III  a)  Figure  3  illustrates  that  for  aspect  angles  less  than  or 
equal  toQC  j,  the  front  cone  does  not  obscure  bands  lying  on  the  rear 
cone.  Since  a  ^  ^  CX  j,  this  case  may  be  dealt  with  by  the  method 
of  ellipse  subtraction.  Formula  (10)  may  be  applied  directly. 


2  2  2 
A  =  7t  tan‘sC<2  cos  0(h2'  -  hj’  ) 


or,  in  the  unprimed  system, 


A  =  7f  tan^Ot  ^  cos  0  ^(h 2  -  hQj  tanoij  jcotot^  -  cotOC^j  )‘ 

-  (hi  -  hoi  tan0ti  £otoci  '  cotocz]  )2j 

0  -  9  -«1  h2  >  hl  -  h0l  *2  ><*! 


-  (hi  -  hoi  tan0ti 


III  b)  ForOfj  ^  0  =  0£ ^ ,  we  have  the  case  illustrated  in 

figure  (4).  This  case  is  distinguished  from  case  III  a)  by  the  fact 
that  in  the  projected  view,  the  front  cone  apex  is  found  on  the  rear 
cone  projected  surface.  Rear  cone  band  borders  appear  as  non- 
intersecting  ellipses. 
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LIMIT  OF  FRONT 
CONE  APEX 
POSITION 


oc,<e«x  2 


Three  distinct  subcases  occur  for  this  range  of  8: 

III  b)  (1)  The  projected  apex  point  of  the  front  cone  may 
lie  inside  both  band  borders. 

Ill  b)  (2)  It  may  lie  on  the  band. 

Ill  b)  (3)  It  may  lie  outside  both  band  borders. 

Since  the  projected  areas  for  rear  cone  bands  depend  upon  pro¬ 
jected  apex  location,  the  relationship  between  h,  0,  CX  Ot (where 
h  corresponds  to  the  position  of  the  projected  apex  point)  is  derived 
with  the  aid  of  figure  (1). 


tan  6 


tan  ot  ^ 


hj  tan  8 

tan  9  = 


=  hj'  tan  ot  ^ 
hj'  tan  «  ^ 


(17) 


(18) 

(19) 


or,  dropping  subscripts  on  h, 


UO) 


(21) 
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The  analytic  conditions  on  0  defining  the  three  subcases  listed 


above  are: 

III  b)  (1) 


0  =  tan 


-1 


hj  -  hQ1  tanOCj  ^cotCX^  -  cotot^ 


tan  at . 


OL  j  <  0  =  a 


h2  >  hj  ^  h 


01 


(22) 


(23) 


III  b)  (2) 

tan  J  I  h,  -  h 


j  -  “qj  tan  ot  j  ^cot  £X  j  -  cot 


tan  ^  |  h^  "^01  tan  ^l  (cotcy-  -  cot  Ot 


-,)]  [=?]) 

■'][ 


<  9 


1  2'|  I  |\  (24) 


a!  <  9  =  *2 


h2  >  hl  -  h01 


(25) 


HI  b)  (3) 


(r 


tan 


-1 


»2  -  hgj  tan  ot  j  ^cot«^  -  cot  oc 


■>]  ra)  • 


ftl  <  0  "  W2 


h2  >  hl  =  K01 


(26) 

(27) 


1 1 


The  case  III  b)  (!)  may  be  treated  by  ellipse  subtraction: 


The  case  III  b)  (2)  is  dealt  with  by  calculating  the  projected  area  of 
the  band  by  ellipse  subtraction  and  then  subtracting  from  this  result  the 
area  of  the  apex  falling  inside  the  band  (figure  4),  thus: 


where  A'  is  the  apex  area  falling  within  the  projected  band. 
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To  calculate  A',  we  write  the  equation  of  the  projected  apex  line 


and  the  equation  of  the  inner-band  ellipse  and  integrate  (figure  4) 
between  the  line  and  the  ellipse: 

y*i 

A’  =  2  C  <Xfcl  -  Xehj^  dy 


0 


(34) 


where  the  subscript  fcl  denotes  front  cone  line  and  ehj  denotes  the 
ellipse  corresponding  to  h^. 

With  the  origin  of  coordinates  at  the  center  of  front  cone  base 
ellipse 

1 

X  =  m  y+C,  .(from  equation  (14),  May  1962  Report)  (35) 

fcl  fcl  fcl 


where  mfcl  and  ^  refer  to  the  front  cone  line  projection. 

In  the  same  coordinate  system,  the  equation  of  the  ellipse  is: 


(X  4  W)‘ 

,.2 


2 

-X_ 

k'2 


=  1 


(36) 


or, 


X 


eh 


1 


W 


(37) 
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which,  when  integrated,  gives: 
1 

a,  _  Yzl 


-  +  £Cr  ,  y 

m  zl 

fcl 


4“^ 


->  *  * 

-  y  ,  )a  +  b'£  sin 

7.  1 


4  ZWy7_, 


The  remaining  part  of  the  solution  consists  ol  expressing 
a',  b',  W,  and  y^j  in  terms  ofotj,  at  ^  0,  hj,  and  h()  j . 

W  e  have: 

Cfcl  hQ1  si«»  « 


a 1  h  j'  tan  a  cos  0 


■  «  it 

1  01 


.0 


h,  -  h  tan  ,  I  cot  O i  -  cot 


1 


)  tan  <*  cos  H 

l'  J  £ 


becomes: 

dy  (38) 


(39) 


(40) 

fcl’ 

(41) 

(4-1) 
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b'  =  hj'tana^  -  £  h^  -  hQ1  tan  oc  ^  (cotc*j  -  cotor^)j  tanct^ 


W  =  (hj  -  hQ1)  sin  0 


tan  o> 


m 


fcl 


C2  -  a2 


l 

(ein2  0  -  tan2  cx^  co82  ej  2 


(43) 

(44) 

(45) 


Since  y^j  is  the  y  coordinate  of  the  point  of  intersection  of  the 

projected  ellipse  corresponding  to  h^  and  the  projected  cone  line 

corresponding  to  the  front  cone  with  altitudes  h^,  we  solve  the 

equation  of  the  ellipse  and  cone  line  simultaneously  to  obtain  y  . 

z  1 


X  ,  =  —  (b'*-  -  y  ,*) 

zl  b'  '  yzl  ' 


A  i 


W 


(46) 


+  C. 


zl  m,  ,  yzl  fcl 
fcl 


(47) 


- J -  y  +  c  =  —  (b’2  -  y  2)  2  -  w 

m  ,  yzl  fcl  b’  Yzl' 

fcl 


(48) 


m 


y„,  + 


fcl 


zl  fcl 


C,  ,  +  W  =  *1  (b-2  -  y  2)  2 


zl 


(49) 
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Squaring  both  sides  of  equation  (49)  gives 


,Cfc.  4  w»^l  *  <Cfcl  +  W>2  =  4  'b'2  -  »,i*> 


fcl 


fcl 


b'2 


,2  a,Z 

=  a1  - y  , 

>  1  zl 

b'* 


(50) 


or,  temporarily  dropping  subscripts  for  economy  in  writing, 

(  4  i ill)  y  2  +  L-  (C  +  W)  y  +  f  (C  +  W)Z  -  a'2  -■  0  (51) 

m“  b'2  zl  m  L  J 


The  solution  of  this  quadratic  form  is: 

1 


*zl 


-B  j  (B2  -  4 ACi) ^ 
2  A 


(52) 


where: 


-h"' 


(53) 


B  =  ±_(C  +  W) 
m 


(54) 


G  =  (C  \  Vi)*  -  a'* 


(55) 
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I 

I 

I 

I 

I 

I 

I 


where  the  negative  sign  before  the  radical  has  been  chosen  to  yield  the 
smaller  positive  solution  (see  figure  4). 

The  case  III  b)  (i)  may  be  summarized: 
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h2  >  ht 


(60) 


ai  <  8  =  a2 


> 


h 


01 


where 


a 1  - 

h 

-hoi  tanai  1 

'  cot  Ot  -  cot  Of  j 

k  1  £) 

j  tan  Ot  ^  cos 

(61) 

b'  = 

h 

■  hoi  tan0(i  1 

^  cot  OL  -  cot  (X 

tan  a 
\  2 

(62) 

‘fcl 

ii 

sr 

o 

sin  0 

(63) 

W  = 

(hi  - 

h  )  sin  0 

01 

(64) 

m 


tana 


fa  ^  t  1 
(sin  9  -  tan^a  j  cos^  8)  7 


(65) 


(Cfcl  ♦  W> 


’fcl 


,,2 


Lmfcl 


zl 


a 

b' 


(C 


fcl 


Z  a,n 

4  Wp  +  2_ 

b’2J 


fcl 


a'2 

aT) 

b'4 


(66) 


In  case  III  b)  (3),  illustrated  in  figure  (5),  the  front  cone  apex  point 
falls  outside  both  back  cone  borders.  The  solution  for  this  case  may  be 
obtained  directly  from  the  solution  for  case  III  b)  (2)  by  the  use  of 
appropriate  subscripts. 
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A  -  Tf  tail 


a  L  cos  0  -  h0l  tuna(i  (col°f1  ■  cota2^ 

[hi  -  hoi  tanai  (cotai  '  cotaz\|2j 

l 

-  +  2c£civz,  -^r[vai  (bi'2-y«i2) 


+  bj1  sin 


•1  Ml 

V  J 


(  m 

+  ,yzi  -  { -  + 

1  £l  )  mfcl 
1  ^ 


^  .  y 


fclyz2 


a  > 1  /  2  L\  2  2  - 1  ^  z  2  . 

-  —  m  (b2  -m)  4  b2  sin  b7j 


2  W 


<>  yz2 


(67) 


tan 


h2  '  hoi  lim 


^ota)  -  cot  Ot  tana  i  1  =  0  (68) 

J  L  bz  JJ 


a.  <  e  ^  a, 


h2  ^  hl  h01 


(69) 


where 


[hl  ‘  h01  ,,,naii  (t  otal  -  ‘  ot0t  2  )  J  |l;m  a  ,  cos  (70) 


bl’  *  [h,  -  h0i  tantt,  (cot  at  -  cotat^)]  [<“”«,]  <71> 

a^'  -  hR1  tanCXj  ^cni  «■*  (  -  cotCX^J  ^tan  CX  ^  cos  (7  2) 

b  |li  ,  -  h0j  tan  (X  j  (cot  CX  t  -  cotOt^^J  ^tan(X,J  (7  3) 


Scl 

=  \l  “in  9 

(7  4) 

W1 = 

(h,  -  h  )  sin  0 

1  01 

(7  5) 

w  z  - 

<h2  -  hQ1)  sin  0 

(7  6) 

mfcl 

tan  a. 

- 1 - - - 

(77) 

(sin^  0  -  tan^Gl  cos^  0)7 


,Cfcl  +  W1 


m 


fcl 


z  1 


ll 


Lmfc-r 


ai'^  ^  ai'4 


(7  8) 


*fcl 


7Z “ 


Cfcl  +  W; 


m 


fcl 


y  ,  = 


'fcl 


b  , 


~<Cfcl+  V  + 


K  ■  ^ 

bZ  _J 


(79) 


fcl 


III  c)  For  CL ^  K  0  90l  ,  the  equations  listed  in  the  May,  196Z, 

report  apply.  However,  special  consideration  must  be  Riven  to  bands 
that  are  partially  obscured  by  the  straight  line  portion  of  the  projected 
front  cone. 

Figure  (6)  illustrates  the  three  possibilities  for  this  range  of 


aspect  angle. 


Ill  c)  (1)  Band  not  obscured  by  front  cone. 

Ill  c)  (2)  One  band  border  falls  behind  front  cone. 

Ill  c)  (3)  Both  band  borders  fall  behind  front  cone. 

These  three  cases  may  be  analytically  defined  by  the  following 
relationships: 


III 

c)  (1) 

yL2  >  yLl  =  yq 

(figure  7) 

(80) 

111 

c)  (2) 

VL2  1  Yq  >  yLl 

(figure  8) 

(81) 

111 

c)  (3) 

yq  >  yL2  >  yLl 

(figure  9) 

(82) 

where  y  and  y^j  are  the  y  coordinates  of  the  points  of  tangency  of  the 
rear  and  front  band  borders  respectively  with  the  straight  portion  of  the 
rear  cone  projection,  and  y  is  the  y  coordinate  of  the  point  of  intersection 
of  the  straight  line  cone  projections. 


Case  III  c)  (1),  figure  7,  may  be  treated  by  formula  33,  May,  1962, 
report.  The  condition 


*L2  >  *li  -  >q 


(83) 


may  be  expressed  in  the  form  (from  equation  31,  May,  1962,  report) 


,'V 


.■V 


y 

q 


(84) 


y  is  obtained  by  writing  the  equation  of  the  two  straight  lines  in  the 

q 

same  coordinate  system  and  solving  simultaneously.  Taking  as  the 
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origin  of  coordinates  the  center  of  the  front  cone  base  ellipse,  we  have 
for  the  front  cone  line 


X 


q 


1 

mfcl 


yq  +  Cfcl 


(85) 


where  the  subscript  fcl  refers  to  the  front  cone  line. 
For  the  rear  cone  line  equation  we  have: 


X 

q 


m 


rcl 


'  rcl 


or 


X  =  — - -  y  +  Q  sin  8 

q  mrci  q 


Equating  equations  (85)  and  (87) 


— —  yq  +  cfci  -  — —  yq  +  Q  sin  e 

mfcl  4  mrcl  4 


(86) 


(87) 


(88) 


y 


q 


Q  sin  8  -  Cfci 


_1 _ 

mfcl 


1 


m 


rcl 


(89) 


where 


Q 


tan  or  j 
tan  ot  ^ 


(hoi) 


(figure  Z) 


(90) 


Lb 


Summarizing  case  111  c)  (1),  we  have 


(h  'L  -  hj  tan  a  (  tan  o'  L  cos  0 


)  71  -  sin** 

2  2  Z  ^ 

(sin  0  -  tan  <x  cos  0) 

} 

sin  0 

(. 

A 

+  (sin**  0  - 

tan^«  ^  cos^  0)  j 

(91) 


Ol  <  0  =  90° 


h2  >  h,  -  h 


>  ^7<cr'-ai,Z) 


1 


where 


hj '  =  h  -  hQ1  tana  ^  ^cot  a 


i  ’  cota2 


:) 


h  ' 
2 


h-  *  hoi  tan“ 


1  (cot“l  -  Cota3) 


h  -  h  tan  O  (  cot  a 

L  i  oi  i' 


cot  ft 


hoi 

.  Q  sin  0  -  Cfcl 

(92) 

1  .1 

"  (93) 

mfcl  mrcl 

(94) 

1 

(95) 

^  J  £tan<*2  cos  e] 

(96) 

t _ 1 

' - 1 

r-+ 

&> 

3 

9 

iH _ 1 

(97) 

■  ]  tan  (X  cos  0 

zj  J  L  l  J 

(98) 
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(99) 


b2*  - 

h  ,  -  h 

2  01 

tan  at  ^  ( 

'  cut  a 

\  1 

-  cot  ot  ^ 

2  1 
J 

[  tan  at 

1  L  il 

<Y  = 

hi  “  hoi 

tana  j  | 

^  cot  a 

-  cot  a  ^ 

2  >_ 

|  Bin  6 

C2'  = 

_h2  "  hQi 

tan  Ot  j 

(cotQfl 

-  cot0fz) 

sin  6 

= 

h„,  sin  0 

tan  a 


m 


fcl 


- r 

,  2  2  2  2 
(Bin  0  -  tan  O.  ^  cos  0) 


tanOt 


rcl 


(sin^  0  -  tan^Ot  c os^  0)  ^ 


tan  &  . 

Q - L  (h  ,) 


tan  Ot 


or 


(100) 

(101) 

(102) 

(103) 


(104) 


(105) 


Case  Ill  c)  (2),  figure  8,  may  be  dealt  with  by  subtracting  from 
the  projected  band  area  given  by  equation  (91)  the  area  obscured  by 
the  front  cone,  given  by 


A' 


2 


)  dy  4 


(106) 
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where 


rcl  and  fcl  refer  to  the  rear  cone  line  and  the  front  cone  line, 
respectively. 

ehj  denotes  the  projected  ellipse  corresponding  to  hj. 

y  ,  is  the  y  coordinate  of  the  point  of  intersection  of  the  front 

zl 


cone  line  projection  and  the  projected  ellipse  corresponding  to  h 


1' 


y^j,  y^*  y  1  an{*  yzl  have  been  defined  by  equations  (84),  (89), 
and  (57). 

To  evaluate  the  integral,  we  choose  as  the  origin  of  coordinates 
the  center  of  the  ellipse  corresponding  to  h^.  In  this  system  we  have 


x  =  ai 


ehi  —  <bi'  -  y ! *  > 


fcl  m. 


fcl 


y  ^  cfcl  +  p 


,  -  - Y  +  h  sin  8 

fcl  ,nft  l  1 


To  obtain  the  equation  of  the  rear  cone  line  projection  in  the  eh 
coordinate  system,  we  write: 


1 


rcl 


m 


y  +  C  .  -  V 
'  rc  1 


rcl 


*19 


(107) 


(108) 


(109) 


(110) 


wlii-re  C.  h,.  bin  0  (111) 

rel  Oii 

and  V  -  -  h^)  sin  0  (112) 

so  that 

C  -  V  =  h,'  sin  0  (113) 

rcl  1 

giving 

X  -  — - -  y  +  h.'  sin  0  (114) 

rcl  "‘,-el 


We  may  now  evaluate  the  integral  for  A' 


A'  -  t 


y. 


£  1 


(Xrcl  -  Xeh  )dy  '  I  (Xfrl  -  x..e  >dy 


LI 


fcl 


ehj 


l 

'  sir  e  -  1L  (b,"1-  y^)  ‘ 

'  V 


dy 


a  '  —  ”1 

>in  :<  -  1  ..  ,2  l  l  dy 

bj*  (bi  *  y  >  J 


(115) 


(116) 
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1 


2 

_  L- 

"‘nl  1 


I  (h  j1  s in  0) y 


LI 


'Ll 


1 


(»*/  -  yV  dy  + 

i  m,  ,  2 


]_if 


fcl 


y*i 


+  (hj  sin  0)  y 


'Ll 


zl 


M 


i 


if  L  >  > 

-l-  \  <v  y  )  “y 


(117) 


2  2 
mrcl 


*  “(l‘j’  ain  0)  (y  -  y^j) 


1 

.  2  ,7  ,  yQ 

Vq  <bl'  *  V ,j  >  4  t>,’  sin  (-“  ) 


1 


y l i  (l,i’  yLi  >“ 1  b,’ 


>li 


<v> 


1 

3 


y  -/.i  ■  v, 


♦  2  (h.  sill  0)  (y  -  y  ) 
1  z  1  q 


V 


( 


7 
>  > 


.<!  .  -»,v. 


-  yy.-)-  '  t)  '  sin  (IlL) 

i  /.i  i  .1 

bi  J 


>  > 


-1  Y, 


q(,,l'  -  Yq  »“  1  hl’  (-1) 


(118) 


11 


or 


A'  = 


yq  'yLl 


m 


rcl 


■*  2  (hj  '  sin  0)  (y  -  yLJ) 


i<bi,2-yLi 2)2  +  V2"10"1  <tt> 


ill 


2  2 

y2i  ~yg 

mfcl 


+  2  (h  sin  0)  (y  -  y  ) 

1  7. 1  q 


(119) 


Summarizing  case  III  c)  (2),  we  have 


l 

2.2 


LI 


ll 

fl) 

J) 


(UO) 


(1^1) 


Oc  f  <  0 


90 


li ,  >  h 


1  01 


,  ,  i  1 

2  £  >  >  U  sin  6  -  Cr,.i  t> i *  >  >  ? 

C£7< C2'  -a,'")2  =  - - pi-  >  i(c/  -a  '^2 

C2  - _L  C1 


1 


m 


fcl 


m 


r  cl 


where 


V 


hZ  = 


V 


h,  -  h  tanCt  (  cot  cr  -  col  a  ) 

101  1  V  1  2  ' 

h  ,  -  h.  ,  tan  Ct  (cot  Ct  cot  Ot  ) 

201  1  \  1  2  2 

"  I'qj  tan  Ct  j  ^cotet^  -  cote*  j)]  [•“«*«>■•] 

[hl  ■  hoi  ,an0li  (col“i  -to,ai')]  [tan0,I] 

,  -  h()  j  tan  Or  ^  ^ cot  Ot  ^  .  cot  O  £  tan  Ct ^  cos  0  J 


-■  [h2  -  h01tana  1  (ll)ia  1  *  lotaa)]  [tan0t2] 

-  ^  h  j  -  h()j  tan  Ct  j  ^i  otQ|  -  cot  Ct  sin  0 

-  h  -  h„,  tan  Ct  ( cot  Or  -cot  Ct  ]  sin  0 

L  2  01  1  k  1  i)\ 


(122) 


(123) 

(124) 

(125) 

(126) 

(127) 

(128) 

(129) 

(130) 


'fcl 


j  sin  0 


tan  c>  , 


m 


fcl 


2  2  2 
(sin  0  -  tan  rx  cos'-  0)‘ 


(131) 


1 


(132) 


tan  (> 


mri-i  - - T 

>  >  £  -y 

(sin4*  0  -  tairtt  cub  0)^ 


(133) 


tan  Or 


Q  = 


1 


tan  Q 


(h01) 


(134) 


l 

b  '  2  >2 

f  =  J_  (C  •  -  a  'V 
LI  c  1  1  1 

1 


(135) 


Q  sin  0  -  C 


fcl 


m,  .  m 

fcl  rcl 


(136) 


-(■ 


hj  sin  0 


)- 


m 


fcl 


z  1 


.2  ,  4 

ai  *r  2  ai* 

-  2~(h  sin  0)  t  - 7 

m.  /  h.1"  1  k  >£ 

~  tel  >  _ 


m 


fcl 


(137) 


Case  III  «. )  ( 3) ,  figu  re  9,  which  is  defined  by  the  condition 


Vq  >  VL^  >  Vl,l 


(138) 


inay  be  treated  by  Mililr.u  tun;  Irom  the  projected  band  area  (given  by 
equation  ('ll)  the  area  obscured  by  the  front  cone,  (given  by 

A' 


W 

j  <Xrd  -  \.h,»“y  ’ 

j  <Xeh.-Nehl>‘lV 

L  yl.l 

y  1.2 

r 

y,.2 


(XK.-Xeh,)dy 


(139) 


U 


have  been 


All  integration  limits,  with  the  execution  of  y  , 
defined  above. 


y  ,  is  defined  by  equation  (137)  with  a  change  of  subscript. 

Z  L 


h-,  sin  8 
(— - )  - 


m 


*2 


fcl 


1 


a,'  a,' 

— 2  sin 

Lmfcl  bZ  _ V 


2  a>' 

0)  +  _i_ 


a  > 

+  -A 


,2 


m 


fcl 


(140) 


X  and  X  have  been  written  above  (case  III  c)  (2))  in  the 
rcl  fcl 

coordinate  system  with  the  origin  at  the  center  of  the  projected 
ellipse  corresponding  to  hj. 


~  -  y  +  h,'  sin  0 

rtl  mrcl  1 


~  ™ - y  +  h  sin  0 

fcl  m,  .  1 


fcl 


(141) 

(142) 


For  X  ,  in  the  above  coordinate  system,  we  write 
eh  . 

&  1 
a2  ,£  2.  2 
x.h2  =  bj |b^  ■ v  1  -  i 


(143) 


where 


Y  -  (h^  -  hj)  sin  0 


(144) 
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With  the  above  substitutions 


L2 


A '  -  <i 


mrcl 


y  +  h  j '  sin  6  -  J_  (bj'^  -  yZ)  1  dy 


'Ll 


z  L 


1 


1 


L2 


a  >  Z  >  l  ai  L  t  i. 

—  o*  •  -  y  )  -  *  -  £T<V  -  y  )  dy 

b2  1 


z  1  (  J_ 

1  al"  id  /  ^ 

y  4  h,  sin  H  -  — -  ( b j*  -  y  )  dy 


n,.Vl  '  1 


1 


(145) 


7.1 


m 


re  l 


L 


VL> 


t  (h ’  sin  H)  y 


LI 


L; 


LI 


y... 


L2  l 

(b^-yVdy 


LI 


yZa 


>  >  > 


<b/  -  y~)  dy  -  f  y 


y,' 


7.  L 


1 


L<i 


‘b{r  j  <br -yVdY 

'l*  yL. 


iv  i 


/.  i  ,'/i  y/i 

a 


^  (h j  sin  H) y 


bl 


“  ’  j 

(b  •  -  y  )“  dy 


y,.Z 


y^ 
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~ — 7  •  Vli^  1  «)  (yi^-yLi> 


‘ril 


-  _L_  f 

K  '  ' 


2V2  .  .  .2  .  - 1  /L.2 


r  y^(b*'  _yL^ }  1  bi  sin  \ 


\  L.2  1  '  L, 

s. ,  a 


(t— r~) 


2  i.  Z  2  -  1  y  T  , 

yLi<bi  -yLi  1  +bi’  6“ 


u 


b7  <yzz(b/-y*/ 


i/ 

,z  t  ,2  .  -1  ,  yz2  t 

)  +  b,’  sm  (-r-r-) 


1 


2  2  2  2  -ly,  ,  II 

yL2<b2  -  yL2  >  +  V  8in  K 

2 


JJ 


^<yz2  -  vL2)  --7  I  y„2  |b/  -  y^> 2  4  bi'2  ,in'‘  <57 1 


,2  2.  2  ,2  .  - 1  (yL2  ) 

y  (b  1  -  y  )  +  b  sin  — - 
yL2'  1  yL2  1  bj 


<y7./  -yZ2^  4  iOvinexy^  -yzi) 


mfcl 


1 


al  \  2  2  ^  >  -l,  '/•*  i 

<  y*i(bi’  -yzi >  1  br  sin  (“ 


■i 

y,2"-/-y7'24b.,29i"'i(^) 


yz_l 

I 

1 


,1 

/ 
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r~  (yL/"yLi2)  '  ^*1' Bi“eHyLii-yLi» 

rcl 


+  —  (y  /  -  y  ,2)  +  2{h1  8in6)(y  -y  )  -  Zf{y  -y  ) 


mfcl  zl  22 


t  i*l  (l 

bl  l 


l 

1,  1 


?  i  y 

y  (b,‘  -y  ”)  ”  +  b  *  Bin  (-  —  —  ) 
XL1 '  1  y  L 1  1  b* 

1 


i  ?  i  -l  y  , 

yzi(bi’  f  V  sin  (tt-i 


'i 


1L  ( 

l 


b 1 
i 


\ 


i  i  i  l  -i  y  , 

y  (b  /  -  y  )  f  b  1  sin  (-It) 

Z  1  1  7.1  1  K  1 


1 


‘l  yLi 


y  (b -  y  “)  lb1  sin  (  ) 

Li  -  Li  i  b’ 


1 

JJ 


(148) 


Summarizing  ca.se  Ill  c)  (3),  we  have 


-  (h  *  -  h  1  )  tan  Oc  tan  Oc  #  cos 

*!  1  J1  i- 


/ 

t 


TT  -  sin 


(sin  0  -  tan^Oi  (  cos  0) 


sin  0 


(149) 


I  (sin  0  -  tan  ,  nis  0)  -  A’  (defined  by  equation  (148)  ). 


Ot  C  0  ‘  90 

i 


l>  S  h  -  h 
i  1  01 


19 


(150) 
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1 

I 


I 

I 

I 


I 

I 

t 


Q  sin  0 


'lei 


m 


fcl 


m 


b,'  2 

—  (C  ' 

cz  z 


1 

i*  z 

I  \  £ 


bl* 
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'  C'  1 


*,'V 


(151) 


rcl 


where: 


h 


1 


h  ' 

2 


V 


V 


C1 


c 


mfcl 

mrcl 

Q 


YL1 


y*i 

yZ2 

r 


A’ 


is  defined  by  equation: 
( 123) 

(1-24) 

(125) 

(126) 

(127) 

(128) 

(129) 

(130) 

(132) 

(133) 

(134) 

(135) 

(84) 

(136) 

(137) 

(140) 

(144) 

(148) 
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PART  IV  SUMMARY  OF  EQUATIONS 


i 

i 

i 


I  FRONT  CONE  (hQ1  =  >  hj)  Or  2  >a 

a)  0  =  0  =  a  j 


L  i 

A  =  Tt  tan  ex  ,  cos  0  (h  -  h  ) 
1  '2  1 

b)  Oj  <  0  =  90° 


II  REAR  CONE  (h^,  >  *  h  )  a  £  >  Oc 


(152) 


(153) 


a)  0  '  0  =«i 

A  -  TTtan^O  cos  0(h,,t*  -  h  '^) 
i  1  1 

b)  Ofj  <  0  =  Or.  ^ 

h j'  tan°C  t 
**1  . 

A  =  71  tan^cx  cos  0  (h  ,l  -  h  ,Z) 
L  2  1 


(154) 


(155) 


(156) 
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(2)  tan 

A 


(3)  tan 

A  = 


c)  a  ^  < 

(i)  y 


-l 


h  j1  tan  a  2 


0  <T  tan 


hz'tana2 


(157) 


Tr  tan1" a  2  cos  0(h2'2  -  h^'2)  -  I  ^1  +  2CfclYzi 
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r  r 

_  1  „  A 

y  r 
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b,  -  y 

]  i  +  b,'2  .i n'^j 

\jzi  L 

1  zl  . 

-1 
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A  =  (h^'2  -  h^2)  tan  Ot  ^  (  tanQ'^  cos 

f  -r 
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sin  6 

l 
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m, 
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4* 
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where 
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f 
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-1 
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1_ 

2.  2 


sin  0 
1 
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m 
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yn  (bi'^  ■  yL/  )  2  4  bi’2  sin 


■'(%i 
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b.1 
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fcl 


m 


fcl 
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rcl 
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Li 
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h.'  sin  0 
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=  hQl  sine 
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— 
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